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Abstract—Consideration is given to the steady-state transfer of mass and hcat frcm a porous wall to
a non-dissipative binary system or air-hydrogen in cne case, and air-carbcn dioxide in another.
Hydrogen or helium is injected at a uniform rate through the porous wall into the system. The flow,
temperature, and concentration fields are assumed to be functicns of the distance frem the wall only.
According to the thermodynamics of irreversible precesses, the fluxes of heat and mass are coupled.
The effects of such coupling are shown to be small on the concentration field, appreciable on the
temperature field and heat flux under certain conditions, and negligible on the heat-transfer coefficient
when defined in terms of an “‘adiabatic wall temperature”. In general, the magnitude of the effects
are much more pronounced for hydrogen injection than for carbon dioxide injection, and are in the
opposite sense,

NOMENCLATURE T*, dimensionless temperature gradient ==
distance between wall and plane, Fig. 1; (dT*/dy*);
mass fraction; T, mixture velocity along the y-axis;
average mass fraction of the injected X, », space co-ordinates, Fig. 1;
gas between wall and plane; ¥*.  dimensionless distance from the wall ==
specific heat at constant pressure; yib.
coefficient of ordinary diffusion between
injected gas and air; Greek symbols
mass flux crossing a fixed plane parallel a, thermal diffusion factor;
to wall; ag,  reference thermal diffusion factor when
heat-transfer coefficient defined by ¢; = 0 in equation (19), or (21):
equation (27); p,  density.

mass flux crossing a plane parallel
to wall and moving with mixture; Dimensionless moduli

thermal conductivity; A = (mb] pyD):

mass injection rate per unit area - 2 ;
through wall: Le = (ky/pCpeD), Lewis number.
molecular weight;

heat flux; Subscript§ '
dimensionless heat flux = (gh/kT); 1, iiqjecf;d. gas, hydrogen or carbon
£as constant; 5 .IO‘XI e;
temperature; > air;
i i w, wall;
adiabatic wall temperature, temperature ) ;
b, plane.

of plane for zero heat exchange between
it and wall;

dimensionless temperature = 7/T; 1. INTRODUCTION

THE importance of the effects of the thermo-

+ Communication from the Heat Transfer Laboratory, dynamic coupling between heat and mass
University of Minnesota, Minneapolis 14, Minn. transfer on heat transfer and adiabatic wall
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temperature in binary systems have been
published quite recently [1]. Measurements with
helium injection into an incompressible turbulent
boundary layer [2] clearly demonstrated experi-
mentally significant effects of the coupling in an
important engineering application of the injection
process. These effects resulted in a rather
unusual phenomenon in low speed flow. The
wall temperature was found to be higher than
the free stream temperature by up to about 40
degF for zero heat exchange with the boundary
layer. Subsequent measurements [3], showed that
the heat flux due to the coupling was of the same
order of magnitude, and even exceeded, the
familiar Fourier conduction heat flux, and was
in the opposite direction. An analytical investi-
gation [2] of the effects of helium injection on
heat transfer in Couette flow taking the coupling
into consideration in the conservation equations
showed that the above phenomena were indeed
the results of such coupling.

This paper investigates more completely and
analytically the effects of the coupling when
gases other than helium are mixed with air, and
hence to obtain a better understanding of the
parameters involved. Hydrogen and carbon
dioxide are selected for this purpose because of
their widely contrasting properties. The mole-
cular weight of the first gas is about 0-07 that
of air, and its thermal diffusion factor negative
and one of the highest known. The molecular
weight of the second gas is about 1-5 that of air
and its thermal diffusion factor is positive and
about one-fifth that of hydrogen. Moreover,
hydrogen and carbon dioxide have substantially
different thermodynamic properties pertinent
to this analysis, such as specific heat and thermal
conductivity, This investigation includes the

effects of injection and of the coupling on gross

quantities such as heat transfer at the wall and
adiabatic wall temperature, as well as on the
details of the concentration and temperature
fields.

2. GOVERNING EQUATIONS
According to the principles of thermo-
dynamics of irreversible processes, ¢.g. [4], the
heat flux in a multicomponent system depends
on the concentration fields of the different
species in addition to its familiar dependence
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on the temperature field. Similarly, the mass
flux of a species depends on the temperature
field in addition to its familiar dependence on
the concentration field. In other words, the
transfer of heat and mass are coupled. The
general conservation equations taking such
coupling into consideration were developed in
detail in [5] for two-dimensional (x and y) flow,
temperature, and concentration fields. They are
simplified here when such fields depend on one
space variable only (y), and when body forces,
viscous dissipation and pressure diffusion are
negligible.

This mathematical simplification describes
approximately the physical system shown in
Fig. 1, which lies between a porous wall and a
hypothetical fixed plane parallel to it and lying
in the boundary layer next to the wall. The
hypothetical plane is assumed not to interfere
with species transfer in the boundary layer by
being sufficiently thin and porous or otherwise.
The free stream is supposed to be air flowing at
sufficiently low speeds to neglect viscous
dissipation.

Hydrogen, or carbon dioxide, is injected
through the porous wall into the boundary layer
at a uniform rate per unit wall area. The free
stream and porous wall are assumed at different
temperatures. Under these conditions, changes in
the x-direction are negligible in comparison with
changes in the y-direction, so that all the
dependent variables are approximately functions
of the y-co-ordinate only.

Edge of boundary layer
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Fic. 1. One-dimensional heat- and mass-transfer system
with foreign gas injection.
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Conservation of mass of the mixture yields:
d(ev)/dy = 0. (1

Conservation of mass of the injected species
yields:

pv (dey/dy) = — (dJy/dy) 2
where:
Ji= — pD [(dc)/dy) + ¢,c2 a (d In T/dy)]. (3)
Conservation of energy of mixture yields:
pv Cp (dT/dy) = d[k (dT/dy)}/dy
— (eRTM?/ M, M) (dJ,/dy)
— J1d[(Cp1 ~— Cps) T+ aRTM?/ M, M;]/dy. (4)

A. Solution of Equations (1) and (2)
The solution of equation (1) is easily deter-
mined to be:

pv = constant = pyvy. (5)

Substituting this result in equation (2) and
solving it yields:

pwbw €1 + J; = constant. (6)

Since the mass flux of the injected gas through
any fixed plane parallel to the x-axis is given by:

Gy =h+pre M
it follows from equations (6) and (7) that
G, = constant = Gy, = H1. (8)

But the sum of the mass fluxes of the two species
through a fixed plane is given by:

G, + G, = pv = constant = pyty. (9)
Hence from equations (8) and (9), it follows that
G, = constant = Gay.

In the following calculations it is assumed that
no air passes through the wall and hence:

Gaw = 0. (10)

From equations (8), (9) and (10), it follows that:
pv = puvw = G, = G1» = m = constant. (11)
From equations (6), (7) and (11), there results:
Sy =m(l —c). (12)
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B. Transformation of Equations (3) and (4)
Comparison of equations (3) and (12) yields:

m(l —¢) = — pD {(dcy/dy)
+ e e [dinT)/dy]y (13)

Equations (4) and (13) are transformed into
dimensionless form by introducing the following
substitutions:

y* =(y/b), T* = (T/Tw).

After some reduction, the transformed equa-
tions are respectively:

(Cpa/Cpo) (dT*/dy*)
= (Le/4) d [(k/kz) (dT*/dy*)]/dy*
~ aq (Ry/Cp2) d{(afag) (M/My) (1 — ) T*]/dy*
(14)

and

(dey/dy*) = — A (1 — ¢1) (pa/ P)
—ag (afog) ;e d (In TH)/dy*  (13)

in which A and Le are dimensionless groups
given respectively by:

A = (mb]pyD), Le = (ky/p; Cp2 D)

which is the familiar Lewis number based upon
air properties.

By inspection of equations (14) and (15),
their solutions—and hence the heat and mass
transfer—depend upon the parameters A4, Le,
(Cp1/Cps), (Ry/Cps) and ay; as well as the ratios
of mixture specific heat, thermal conductivity,
molecular weight, and density to their respective
values for air. These ratios depend upon the
mass fraction of the injected gas, and the ratio
of molecular weight of the injected gas to that of
air,

All the parameters except A4 are combinations
of thermodynamic properties of air and the
injected gas, and hence will be prescribed when
the injected gas is prescribed. The parameter A4
on the other hand contains the injection rate 1,
and so is a measure of the injection rate when the
distance between wall and plane, and the
injected gas, are prescribed.

From kinetic theory, o, depends on the
exponent in the force law during a molecular
encounter, the mass of a molecule of injected
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gas relative to that of air, as well as the diameter
ratio [6]. The latter ratio is proportional to the
former in most cases, and hence all the thermo-
dynamic properties depend on the ratio of
molecular weights, which therefore must be the
parameter of greatest importance—besides 4—
affecting the solution of the equations.

C. Boundary Conditions

Two boundary conditions have already been
specified in order to obtain complete solutions
of equations (1) and (2), namely that at the wall
{pwbw) is specified, as well as G14 = 1. Moreover,
the assumption that Gz, =0 was introduced
in order to tie the quantity (pwv,) With a
measurable quantity, resulting in pyvw = m.

Equations (3) and (4) were transformed into
equations (15) and (14) respectively. Equation
(14) requires two boundary conditions, and these
were conveniently chosen as the temperature
and the temperature gradient at the wall.
Equation (15) requires one boundary condition,
and this was chosen to be the mass fraction of
the injected gas at the wall. Symbolically, these
boundary conditions are expressed by the
following relations respectively:

T, =1
(dT*/dy*),, = an arbitrary number

(16)
)

C1w = an arbitrary number. (18)

D. Properties

The temperature difference between the wall
and plate was assumed sufficiently small to
neglect property variations with respect to
temperature.

The thermal diffusion factor a is a weak
function of c,. Figure 2(a) shows the results of
measurements of o at various levels of con-
centration of hydrogen in mixtures with nitro-
gen [6]. For the purposes of the present analysis,
a mean relationship was adopted for hydrogen—
air mixtures according to the following relation:

¢ = —02(1 4 85¢) when 0 < ¢; <01, (19)
(20)

Various measurements of the thermal diffusion
factor for CO,-N, and CO,-O, mixtures [6]

and o= —037 when 01 < ¢, < 1.
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are shown in Fig. 2(b). In the present analysis,
the following relation was adopted for CO,-air
mixtures:

a=0078(1 —05¢,), 0<c, <O08. (21)

At 500°R, the following quantities have the
indicated values

H,-Air CO,-Air
Cp1/Cps 14-2 0-81
Le 0-3 1-2
(MyaoRy/ Cpa) —1-67 0-65

Regarding the ratio (k/k,), Fig. 2 in [7] for
hydrogen-air mixtures at 500°R was closely
fitted with the following relationship:

(kfks) = 657 — 2:43 (1 — ¢)® — 314 (1 — ).
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The graph in [8] was closely fitted with the
following relationship for carbon dioxide-air
mixtures at 285°K:

(klks) = 1 — 1044 ¢, /(44 — 15cy).

3. RESULTS AND DISCUSSION
A. Hydrogen Injection
After appropriate substitutions and re-
arrangement, equations (14) and (15) become
respectively:

[6:57 — 2:43 (1 — ¢,)® — 3-14(1 — ¢,)*]
(A2*T*/dy*%)
= A4 [142 — 167 (1 — ¢y
(1 4+ 85¢)/(2 + 27 ;)] (dT*/dy*)/0-3
+ {16741 —cp (1 +85¢) T*[1/(1 — )
+ 27/(2 + 27 ¢,) — 8-5P/(1 -+ 85 ¢,)])/0-3
Q2+27¢)
— [7-87T (1 — ¢))* + 286 (1 — ¢y)%]
(dT*/dy*)} (dey/dy®)  (22)
and

(deyfdy*) = — A (1 — ) (1 + 13:5¢) +
+02¢ (1 — ¢)(1 + 85 ¢;) (T*/dy*)/T*. (23)

In equations (22) and (23}, the bracket (1 4 8-5
¢,) was replaced with 1-85 and P with zero
whenever ¢; exceeded 0-1.

The two non-linear coupled differential equa-
tions (22) and (23) were solved on the Univac
1103, The parameter A4 and ¢y, were arbitrarily
chosen, and profiles of T* and ¢, computed when
(dT*/dy*),, was given several arbitrary values.
The objective was to obtain solutions of the
equations at various temperature levels of the
plane relative to the wall, but with everything
else unchanged.

Then ¢, was assigned several other arbitrary
values while the parameter 4 was kept un-
changed, and the above process repeated. The
objective was to investigate the effects of chang-
ing the hydrogen concentration level at the wall.

Finally, A was assigned a different value, and
all the processes above repeated, the objective
being to investigate the effects of changing A.

From all these calculations, it was possible
to determine the effects of the thermodynamic
coupling between heat and mass transfer on the
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temperature and concentration fields, and on the
heat transfer. The results are discussed in some
detail below.

1. Concentration and temperature fields

Selected results are shown in Fig. 3 when
(T*)w = 0-1 and —0-1, meaning that the plane
is warmer and colder than the wall respectively.
When the coupling is neglected by putting ey = 0
in equations (14) and (15), the concentration
field is shown by the dotted line, and becomes
independent of the value of (T*),. 1t is well
known that in a mixture of hydrogen and air,
the former will spontaneously migrate to warmer
regions. This behaviour explains the pattern of
Fig. 3, in which the concentration at the plane
is larger than that when the coupling is neglected
if it is warmer than the wall, and smaller if it
is colder than the wall. Therefore, the tempera-
ture field influences the concentration field.
When (T*)y = 401, and ¢y =004, the
percentage change in mass fraction at the plane
due to the coupling amounts to about 4 per
cent of the mass fraction when the coupling is
neglected, and is thus small. This percentage

48

H, injection, 4= 001
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Fic. 3. Effect of the coupling on the hydrogen con-
centration field, for various concentration levels and
temperature gradients at wall.
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change becomes even smaller when the tempera-
ture difference between the plane and wall is
reduced by reducing (T*")y.

The above procedure was repeated when
cw = 0:03, 0-02, and 0-011. If ¢4y is appreciably
reduced below 0-011, negative values of c¢yp will
result. Since a negative mass fraction has no
physical significance, it appears that ¢y, has a
minimum value of about 0-011. In this special
case, the concentration field is also indicated
in Fig. 3. Alternatively, negative values of ¢,
in the field could mean that ¢; should be zero
when 8* < y* < 1 which physically means that
the boundary-layer thickness 8* is less than the
distance between wall and plane. Such case will
not be discussed in this analysis, since it is not
compatible with the one-dimensional approxima-
tion postulated here.

The percentage change in c¢;p due to the
coupling is quite large when ¢y = 0-011, being
about -£40 per cent when (T*"), is +0-1. This
percentage change decreases rapidly, however,
to about 5 per cent, when ¢y, = 0-02 or 0-03.

The concentration field was also computed
for the following cases:

A =0-1; ¢, = 0-2,0-4,06,0:7,0-8;
(T*")y varying from —0-05 to 0-05.
A = 025; ¢y = 09, 095, 0-97, 0-99,
(T*"), varying from —0-05 to -0-05.

The same pattern observed for 4 = 0-01 was
also observed for 4 = 0-1 and 0-25. In particular,
the percentage change in ¢y due to the coupling
was largest when ¢y, was smallest.

To explain this observation, let us introduce
the quantity defined by (¢, — ¢,)/é;. It represents
the deviation of the mass fraction of the injected
gas at a particular location in the field from the
field from the average mass fraction in the field.
By inspection of Fig. 3, when ¢y, is smallest,
(¢, — &)/¢, is largest at plate and wall, and
hence the departure from uniformity in con-
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centration in the field is largest. Consequently,
for a given value of 4 and Tj, the effects of
the coupling on concentration are most pro-
nounced when the distribution of mass fraction
in the channel deviates the most from the
uniform state.

The temperature fields are shown in Figs. 4(a)
(b) and (c). When 4 = 0-01, the coupling has
negligible effects on the temperature fieid,
Fig. 4(a). When A = 0-25, however, its effects
are most pronounced for ¢y, = 0-8, Fig. 4(b).
which is the smallest wall mass fraction
attempted, but are negligibly small for ¢ -
0-99, Fig. 4(c). Similarly, when A4 = 0-1, the
effects are most pronounced at the smallest
value of ¢y, of 02, and negligible at the largest
value of ¢y Hence, the effects of the coupling
on the temperature field are negligible for
sufficiently small values of A, but can be large
for higher values of A. In this latter case, they
are most pronounced when the mass fraction
distribution deviates the most from the uniform
state.

2. Heat transfer

According to the thermodynamics of irrever-
sible processes, e.g. [4, 5], the heat flux at
wall I may be defined by:

gw = [— k(dT/dy) 4 apvRTM?
(1 — )/ My M.

The first term on the right-hand side is the
familiar heat transfer by conduction according to
Fourier’s Law, and the second term is contributed
by the coupling between heat and mass transfer.
This second term will vanish if a« =0 which
means neglecting the coupling altogether, or if
(pv)w == 0, which is equivalent to no gas injection
at the wall.

By transforming into dimensionless form and
appropriate substitutions for property relations,
equation (24) becomes

(24)

darT*

5(1 —c) (1 + 85¢,)

4y =(@blk Thw = - {d;‘ + 4

092 + 27¢) [6:57 — 243 (1 —¢,)® —314(1 — 01)9]},4,’

when ¢y << 0-1 25



ONE-DIMENSIONAL MASS AND HEAT TRANSFER AND THEIR COUPLING
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FI1G. (4a), (b) and (c). Effect of the coupling on the tem-
perature field for various values of hydrogen concentra-
tion and temperature gradient at wall, and A4.
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and:

. jdr* 925 (1 — c,)

g~ = G T AR T T ) (657 28 (1 — oF — 1A —cpilf, e v = 01 ©26)

From the results of the calculations, g,
was computed and selected results plotted
versus T, in Fig. 5 for 4 =0-25. The graph
is similar to Fig. 15 [2], after suitable modifica-
tion of abscissa of the latter. Two conclusions
can be immediately seen. First, g;, is a linear
function of T}, and hence is a linear function
of the temperature difference between the wall
and plane. This conclusion is similar to heat
wansfer in single component systems. Second,
g} does not vanish when the wall and plane
have the same temperature, i.e. when Tj = 1.
With hydrogen injection, g vanishes when
T; is less than 1, that is when the plane is
colder than the wall. This conclusion is quite
different from single component systems. It
must be due to the coupling between heat and
mass transfer, because when a is set equal to
zero, ¢, vanishes when T, =1 exactly.
Relations similar to Fig. 5 were obtained when
A =0-1 and 0-01. The effects of the coupling,
however, were seen to diminish as 4 decreased.

The temperature of the plane at which the

wall temperature 74 By setting ¢, =0 in
equation (25) or (26), it was possible to compute
T for various values of c1,, with 4 as parameter.
The results are plotted in Fig. 6, along with the
adiabatic wall temperature for helium injection
[2] for comparison. It is seen that for a given
value of 4, T7 is least when ci» is least, i.e.
when the concentration field deviates the most
from uniformity. For a given value of cim, T,
is least when A is greatest, i.e. when the injection
rate is greatest.

From Fig. 6, an estimate of T, can be made.
If Ty is S00°R, then T, will be less than Ty by
up to about 10°F for 4 = 0-01, and up to about
100°F when A = 0-1 or 0-25, depending in each
case upon the hydrogen mass fraction at the
wall.

The linear relationships between ¢, and
T, and the existence of an “adiabatic wall
temperature” suggest the appropriate definition
of the heat-transfer coefficient to be

@7

wall heat flux vanishes will be called the adiabatic guw == (T — Tp).
006
Cw
0-99 Hydrogen injection,
co04l 0-97 4=0-25
002

_0.02 -
-0-04 |~
-0-06 i L 1 A 1 L L i
0-76 0-80 0-84 o-88 0-92 0-96 100 104 1-08 112
7‘;#

Fic. 5. Dependence of the heat flux on the temperature difference beiween wall and plane.
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M2 0.9

H, injection
— — — Helium injection [2]
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¢] 02 0-4 0-6 0-8 -0

W

FiGc. 6. Dependence of the adiabatic wall temperature
on the hydrogen concentration level at wall for various
values of A.

In dimensionless form, equation (27) becomes:

(/”‘ = (bq11~/kaw) = (hb/ku') (Tn - Th)

= Nu(T; —T;). (28
From equation (28), the Nusselt number
(hb/k.) is simply the slope of the various straight
lines in Fig. 5 and the similar figures. On com-
paring it with the Nusselt number when the
coupling is neglected, the difference is about
3 per cent or less, and hence negligible. The
Nusselt number is presented in Fig. 7. along
with the Nusselt number for helium injection [2]
for comparison.

B. Carbon Dioxide Injection
Equations (14) and (15) in this case become
respectively:
(1 — 0:36 ¢;) (d,T*/dy*?)
== 4 [0-81 - 0:65(1 — ¢))
(1 —0:5¢)/(44 — 15¢c)) (dT*/dv*)/ 12
— {065 AT —c) (1 —05¢)
[1/(1 —¢y) + 0:5/(1 — 0-5¢y)
— 15/(44 — 15¢y)}/1-2(44 {15 ¢y)
— 459 (dT*/dy*)/(44 — 15 ¢, } (dey/dy®)
29
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FiG. 7. Effect of hydrogen injection rate and concentra-
tion at wall on the Nusselt number.

(dey/dy*) = — A(1 —¢) (1 — 0341 ¢y)

— 0078 (1 — 0-5¢)) ¢, (dT*/dy*)/T*. (30)
Solutions were obtained in the same fashion as
for hydrogen injection.

The concentration distribution is presented in
Fig. 8 for the highest value of 4 attempted.
When o is set equal to zero, the results are
indistinguishable, showing that the coupling
has negligible effects on the concentration field.
Similar conclusions were observed for smaller
values of A.

The temperature field is presented in Fig. 9,
for the highest value of 4. It is seen that for a
given temperature gradient at the wall, the
coupling has noticeable effects on the tempera-
ture field. It increases the temperature above its
value for a = 0, the increase being maximum
at the plane, and mounting to about 1 per cent.
This effect is opposite to that for hydrogen
injection shown in Fig. 4. When ¢y = 0-99,
the corresponding curves for a = 0 are indis-
tinguishable from the curves including a«. Thus
the effects of the coupling are most pronounced
when ¢, 15 least, i.e. when the deviation of the
concentration field from uniformity is greatest.

When 4 = 1, similar trends to the above are
observed. When 4 = 0-1 however, no effects of
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Fic. 8. Effect of the coupling on the carbon dioxide
concentration field, at various values of concentration
and temperature gradients at wall, and A4.

the coupling on the temperature field could be
seen.

Equation (24) is transformed for carbon
dioxide injection into the following expression
for the dimensionless heat flux at the wall:

N
T = kwTw - d}’*)u‘

065 (1 — 0:5cu) (1 — 1)
1-2(44 — 2544 c14)

Selected results are presented in Fig. 10 which is
similar to Fig. 5 except that T’ is now greater
than 1. This means that with carbon dioxide
injection, the heat flux vanishes when the plane
is warmer than the wall. From Fig. 10, it is
seen that the excess of adiabatic wall temperature

— A . (31)
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Fic. 9. Effect of the coupling on the temperature field.

over the wall temperature is maximum when
Cuw is least, corresponding to the case of maxi-
mum deviation from uniformity of the con-
centration field between the two plates.

To investigate more fully the behaviour of 7,
equation (31) was solved subject to the condition
thatg;, = 0. The results are presented in Fig. 11.
Again the heat-transfer coefficient should be
defined by equation (27), and in dimensionless
form is simply the slope of the straight lines in
Fig. 10. When compared with its value when
a =0, no effects of the coupling could be
detected. The results are presented in Fig. 12.

4. SUMMARY AND CONCLUSIONS
Consideration is given to one-dimensional
mass transfer and heat transfer and their
coupling with the injection at a uniform rate of
hydrogen in one case, and carbon dioxide in
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F1G. 10. Dependence of the heat flux on the temperature
difference between wall and plane at various carbon
dioxide concentration levels at wall.

another case, through a wall into the adjacent
binary flow field. These two particular gases were
selected because of their widely contrasting
properties that are pertinent to the present
investigation. Compared to air, hydrogen density
is about one-fifteenth, its thermal conductivity
about seven times, and its specific heat fourteen
times the corresponding properties of air. When
mixed with air, it will migrate spontaneously to
warmer regions. On the other hand, carbon
dioxide density is one and a half times, its
thermal conductivity about two-thirds, and its
specific heat about 0-85 the corresponding
properties of air. When mixed with air, it will
migrate spontaneously to colder regions, and
its thermal diffusion factor in air is about one-
fifth that of hydrogen in air.

In forming the governing equations, all
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property values were considered independent
of temperature, but functions of the mass fraction
of hydrogen or carbon dioxide when considering
their mixtures with air. Solutions of the diffusion
equation and the energy equation for a given
injected gas depended upon the parameter A
and the concentration level of the injected gas
at the wall. They were obtained numerically
on the Univac 1103, and compared with the
solutions when the thermal diffusion factor was
set equal to zero. Certain effects of the coupling
between heat and mass transfer could thus be
determined. In general, these effects were much
more pronounced for hydrogen injection than
for carbon dioxide injection, due to the ratio of
molecular weight of hydrogen to air being much
smaller than of air to carbon dioxide.

Due to the coupling, the hydrogen concentra-
tion at a particular point is slightly increased
when the plane is warmer than the wall, and
slightly decreased when the plane is colder than
the wall. The opposite takes place with carbon
dioxide injection, because of the opposite
direction of migration of hydrogen and carbon
dioxide in their respective non-isothermal mix-
tures with air.

The coupling has much more pronounced
effects on temperature distribution than on
concentration distribution, provided that A is
sufficiently high, and that the deviation of mass
fraction distribution from uniformity is
sufficiently large. This deviation is largest when
the mass fraction of the injected gas at the wall
is the smallest possible compatible with non-
negative mass fraction at the plane. Due to the
coupling, the temperature at a particular point
is decreased with hydrogen injection, and
increased with carbon dioxide injection.

The wall heat flux is the sum of two com-
ponents. The first component is the familiar
Fourier conduction heat flux, and varies linearly
as usual in single component systems with the
temperature difference between the wall and
the plane, for a given value of A and cyu. The
second component is caused by the coupling, is
constant for a given value of A4 and ¢4, and in
particular is independent of the temperature
difference between the wall and plane. Its
direction is opposite to that of the hydrogen
mass flow through the wall, but the same as that

0. E. TEWFIK

of the carbon dioxide mass flow. For a given
value of 4, this component is maximum when
the concentration distribution deviates the most
from uniformity.

Due to the coupling, the wall heat flux
vanishes when the plane is colder than the wall
with hydrogen injection, and warmer than the
wall with carbon dioxide injection. When this
happens, the temperature of the plane is called
the adiabatic wall temperature. For a given
value of A, the difference between adiabatic
wall temperature and the wall temperature
increases as the deviation of the concentration
field from uniformity increases. Also, it becomes
more pronounced when the injection is increased
by increasing A.

The heat-transfer coefficient should be
appropriately defined by equation (27) in terms
of the adiabatic wall temperature. With this
definition, its value becomes independent of the
coupling.

In general therefore. the effects of the coupling
are most pronounced when the distribution of
mass fraction of either component, or the
temperature distribution, deviates the most
from the uniform distribution. They also increase
as the ratio of molecular weights of the two
species in the binary system, or the parameter 4
increases.

ACKNOWLEDGEMENTS

The author wishes to thank Professor E. R. G. Eckert,
Director of the Heat Transfer Laboratory, for some
valuable comments; and Mr. R. McGraw, Research
Assistant, for making all computations on the Univac
1103.

The research was partly supported by the U.S. Air
Force through the AFOSR of the ARDC under contract
number AF 49(638)-558.

REFERENCES

1. J. R. Baron, Thermodynamic coupling in boundary
layers, ARS J. 32, 1053-1059 (1962).

2. O. E. Tewrik, E. R. G. EckerT and C. J. SHIRTLIFFE,
Thermal diffusion effects on energy transfer in a
turbulent boundary layer with helium injection.
Proceedings, 1962 Heat Transfer and Fluid Mechanics
Institute, pp. 42-61 (1962).

3. O. E. Tewrik and C. J. SHIRTLIFFE, On the coupling
between heat and mass transfer, J. Aerospace Sci. 29,
1009-1010 (1962).

4. S. CaapmaN and T. G. CowLING, The Mathematical
Theory of Non-Uniform Gases, 2nd ed., pp. 404-408.
Cambridge University Press (1952).



ONE-DIMENSIONAL MASS AND HEAT TRANSFER AND THEIR COUPLING 421

5. J. R. BaroN, The binary-mixture boundary layer turbulent boundary layer characteristics on a flat
associated with mass transfer cooling at high speeds. plate with distributed light-gas injection, NACA
MIT Naval Supersonic Laboratory TR 160 TN 4149 (1958).

(1956). 8. J. L. Novorny and T. F. IrRviNE JR., Thermal con-

6. K. E. GrRew and T. L. Iss, Thermal Diffusion in Gases. ductivity and Prandtl number of carbon dioxide and
Cambridge University Press (1952). carbon dioxide air mixtures at one atmosphere, J.

7. M. W. RusesiN and C. C. Papras, An analysis of the Heat Transfer, C83, 125-132 (1961).

Résumé—On s’est occupé du transfert de masse et de chaleur en régime permanent 4 partir d’une paroi
poreuse vers un systéme binaire *“non dissipatif”* d’air et d’hélium dans un cas et d’air et de CO? dans
I'autre cas. On ajoute dans le systéme de I’hélium ou de I’hydrogéne a un débit uniforme 2 travers la paroi
poreuse. On a suppose que les champs d’écoulement de température et de concentration sont seulement
fonction de 1a distance 4 1a paroi. Les flux de chaleur et de masse sont couplés en accord A la thermo-
dynamique des processus irréversibies. On a montré que les effets d’un tel couplage sur le champ des
concentrations sont faibles, sont appréciables sur ie champ des températures et le flux de chaleur sous
certains conditions, et négligeables sur le coefficient de transfert de chaleur lorsqu’il est défini & I'aide
d’une ‘“‘température de paroi adiabatique”. En général, les effets sont beaucoup plus prononcés en valeur
absolue pour I'injection d’hydrogéne que pour celle de gaz cartonique et sont en sens opposé.

Zusammenfassung—Der stationdre Wirme- und Stoffitbergang von einer porésen Wand an ein nicht-
dissipatives bindres System, oder ein Luft-Wasserstoffgemisch in einen Fall, ein Luft-Kohlendioxydge-
misch in anderen Fall wird analytisch untersucht. Wasserstoff oder Helium wird gleichmassig durch die
pordse Wand in das System eingeblasen. Die Stromung, die Temperatur und die Konzentrationsfelder
wurden als Funktionen allein des Wandabstandes angenommen. Nach de Gesetzen der Thermodynamik
irreversibler Prozesse sind der Warme- und Stoffstrom gekoppelt. Der Einfluss dieser Kopplung wird beim
Konzentrationsfeld als klein nachgewiesen, beim Temperaturfeld und beim Warmestrom ist er unter
bestimmten Bedingungen zu beriicksichtigen; vernachlassigbar ist er fiir den Warmeiibergangskoeffi-
zienten, wenn dieser auf die “‘adiabate Wandtemperatur’” bezogen wird. Allgemein ist die Grosse der
Einfliisse wesentlich ausgeprigter fiir Einblasung von Wasserstoff als von Kohlendioxyd und wirkt im
entgegengesetzten Sinn.

ABRNoOTAIAS—PaccMaTPUBAaeTCA YCTAHOBUBIIMICA NMEPEHOC MACCH M TEILIa ¢ NOPHCTON CTEHKH
B HepacceMBaIyl0 GHHAPHYIO CHCTEMY WM BOXOPOJOBO3AYIUHYIO CMeCh B OHOM CIydYae MJH
cMech BO3TYX-ABYOKHCh yT:Iepoia B Apyrom. Bogopoa uiu resuit BIYBAOTCA B CHCTEMY 4epes
TOPHCTYI0 CTEHKY C ORMHAKOBOM cKopocTbio. Ilpegnosaraercsi, 4TO MOJIA TedyeHHit, TeM-
Neparyp M KOHMEHTPAUMM ABAAITCA QYHKLUMAMM DACCTOAHMA TOJBKO OT cTeHKH. CoriacHo
3aKOHAM TEPMOXMHAMHMKN HeOOpATHMHX MpPOLECCOB MOTOKH TEILIa M MAacCH B3aHMOCBA3AHH.
ITokasano, 4ro BoajeltcTBMe TakoM B3AMMOCBA3M HA MOJIe KOHUEGHTPAUMM MAJO0, HA IMOJe
TeMNEepaTyp M TeNJIOBOM NMOTOK IPH ONpPeJeNeHHHX YCIOBHAX JOBOJIBHO OUIYTHMO M mpeHeGpe-
HHMO MAJIO Ha KOI(PUUMEHT Teryroo6MeHa, KOTIAa OH OMNpelesieH uepe3 +aINabaTHYECKYIO
TeMIepaTypy CTeHKHs. BooOllle, BeJMHMHH ITOr'0 BO3JENCTBHA ropasio 3HAYUTENbHee MpH
BAyBe BOJAOPOAa, YeM IDU BIyBe XBYOKHCH YTjepoja, H OTJIHYAIOTCA MO 3HAKY.



